A problem with the Solution to the Case of the 8(8 Game Board


The Infinifield game contains 24 pieces that are used to construct a game board.  For each round, one player constructs a 2 or 3-dimensional game board (following a few simple rules that govern how a game board may be constructed).  Once the game board has been constructed by one of the players, it then becomes the playing field on which a “pawn war” takes place between all of the different players.


The math problem that has been posed can be expressed very simply:  How many distinct, legal playing fields can be constructed with the 24 pieces?  The solution to this problem is anything but simple.  In fact, even if you limit the scope of this problem by considering only one simple, 2-dimensional shape for the game board (such as an 8(8 square), you end up with a math problem that is extremely complicated to solve.


The simplest case for this math problem is the case where you limit the scope of the problem to only game boards that are in the shape of a 1(64 rectangle.  Since I have already solved the problem for this case (click here for the solution), the next simplest case would be to limit the scope to only game boards that are in the shape of an 8(8 square.  Because the blue blocks are 8 units long, the 8(8 shape of the game board places quite a few restrictions on their placement, thus simplifying the task of enumerating all of the distinct, legal playing fields.


There are exactly 16 distinct ways to place the two blue blocks in an 8(8 game board.  Thus, there are 16 cases that one has to consider when counting all of the distinct, legal playing fields.  On the next page, I have drawn a diagram for each of these cases.

When creating the list of distinct cases, one has to be careful not to count cases that are reflections or rotations of a case that has already been counted.  Cases that are reflections or rotations of each other correspond to the same set of playing fields and thus are not distinct.  For example, if you place the two blue blocks in the leftmost two columns of an 8(8 game board, this would be the mirror image of the set of game boards with the two blue blocks located in the rightmost two columns.  (See diagram below)




Below is a list of all of the 16 different cases that one has to consider when trying to count all of the distinct, legal playing fields that are in the shape of an 8(8 game board.













This is all of the distinct ways that you can place the two blue blocks in an 8(8 game board.  I will leave it to the reader to solve the simple exercise of showing that all of the cases whose first coordinate is a 5, 6, 7, or 8 have either already been counted or are symmetric to cases that have already been counted.


Also, one need not worry about any of the game boards where the two blue blocks are horizontal.  Those game boards are just reflections or rotations of game boards that have been counted in the 16 cases listed above.


In order to solve the math problem, one needs to go through each of the 16 distinct cases, and for each case, count the number of distinct, legal playing fields that can be created by placing the remaining white, red, and yellow pieces in the 8(8 game board.  Some cases appear to be simpler to count than others and some cases may contain more distinct, legal playing fields than others.  The author of a computer program claims that there are 633,566 distinct, legal playing fields.  If this were correct, there would be an average of over 39,597 distinct, legal playing fields for each of the 16 cases.


Rather than submit a list of all 633,566 game boards, I feel that the author of the computer program should generate the game boards for at least a couple of the cases (if not for all 16 cases).  It would be far easier to spot-check the smaller list of game boards for one specific case than it would be to check a huge list of 633,566 game boards in some other order.  Surely the same program could be easily modified to only list game boards in one specific case (even if the program used an algorithm that generated game boards in a different order, the program could easily be modified to only print out the game boards for a given case).


I have tried to calculate the number of distinct, legal playing fields for three of the 16 cases and I have not even come close to counting 39,597 with all three cases combined (let alone 39,597 for each case).  Even though I may have missed several solutions, I have a hard time believing that I was off by this huge of a margin.  In fact, I estimate that the number 633,566 is off by more than 50%.


Below is an example, case (2,3), that illustrates how several restrictions are placed on the location of the white blocks and how this limits the number of distinct, legal playing fields that can be formed.




Finally, there is another factor that will limit the number of distinct playing fields which I believe has been overlooked by the programmer.  It is possible to rearrange sections of some game boards that change its appearance, but in fact, the new game board still corresponds to the original network.  Below is an example of this.














All seven of the game boards shown above correspond to the same network (one can easily map them out; just remember that two networks are the same if they are topologically equivalent.  That means that you can flip, rotate, “twist” and “stretch” them so long as the connections between the nodes remain intact).  Since the game boards all correspond to the same network, all seven game boards really only count as one playing field.  I believe that the algorithm used in the computer program fails to recognize this and has over-counted the playing fields.  I do not have access to the algorithm, but even if the programmer accounted for reflections (including diagonal) of the whole game board, and rotations (90(, 180(, and 270() of the whole game board, the algorithm will still over-count the number of playing fields if it does not account for the fact that sections of the game boards can be transformed without creating a new playing field.


I believe that I have analyzed this as far as I can, given the information available to me. I also believe that I have provided enough mathematical information to warrant further investigation of the computer program’s solution and to request that the output of the solution be generated specifically for at least two of the 16 distinct cases.  This would greatly facilitate the spot-checking for repetitions.

Another way to check the list would be to write a program that would search the computer-generated list of 633,566 game boards to see if the program counted the seven game boards shown above as separate playing fields.
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This is case (1,2)





This is case (1,3)





This is case (1,4)





This is case (1,5)





This is case (1,6)





This is case (1,7)





This is case (1,8)
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This is case (2,7)





This is case (2,6)





This is case (2,5)





This is case (2,4)





This is case (2,3)





Case (2,1) is the same as case (1,2)





Case (3,8) is symmetric to case (1,6)
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This is case (3,6)





This is case (3,5)





This is case (3,4)





Case (4,7) is symmetric to case (2,5)





Case (3,1) is the same as case (1,3)
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Case (4,3) is the same as case (3,4)
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Case (3,7) is symmetric to case (2,6)
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Case (2,8) is symmetric to case (1,7)
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Case (4,2) is the same as case (2,4)





Case (4,1) is the same as case (1,4)





Case (4,8) is symmetric to case (1,5)
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This is case (4,5)
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Case (4,6) is symmetric to case (3,5)





Case (3,2) is the same as case (2,3)
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The red vertical line cuts the game boards in half and is the line of symmetry.  Game Board A is symmetric about this line to Game Board B, so Game Boards A and B are mirror images of each other. 





Game Board B





Game Board A
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	Since a colored block may not touch more than 2 white blocks, there cannot be more than a total of 4 blocks in columns 2, 4, 5, and 7.  That leaves a minimum of 4 white blocks remaining that must be placed in columns 1 or 8.


	Also, when placing the remaining white, red, and yellow blocks, none of the red or yellow blocks may touch more than two white blocks which further limits the number of distinct, legal playing fields that can be formed. 
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	Obviously if you were to rotate this game board or reflect it across a line of symmetry, it would not create a new playing field.  However, it is not so obvious that you could flip only column 1, or flip only columns 3 & 4, and it would still correspond to the same playing field.  Furthermore, you could flip only columns 6, 7, and 8 and it would still correspond to the same playing field.  In fact, any combination of these transformations (of which there are 7) results in a game board that still corresponds to the original playing field.
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Only column 1 has been flipped





Columns 3 & 4 have been flipped





Columns 1, 3,  & 4 have been flipped





Columns 6, 7, & 8 have been flipped








Columns 1, 6, 7, & 8 have been flipped
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If you flipped columns 1, 3, 4, 6, 7, and 8, that would be the same as reflecting the entire game board across a horizontal line.  Presumably, the algorithm checks for game boards that are reflections and does not count this one.








Columns 3, 4, 6, 7, & 8 have been flipped








